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Abstract

We consider one-to-one matching problems under two modalities
of uncertainty that differ in the way types are assigned to agents. In-
dividuals have preferences over the possible types of the agents from
the opposite market side and initially know the ‘name’ but not the
‘type’ of their potential partners. In this context, learning occurs via
matching and using Bayes’rule. We introduce the notion of a stable
and consistent outcome, and show how the interaction between block-
ing and learning behavior shapes the existence of paths to stability in
each of the uncertainty environments. Existence of stable and consis-
tent outcomes then follows as a side result.
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A second marriage is the triumph of hope over experience.
Samuel Johnson

1 Introduction

Since the seminal contribution of Gale and Shapley (1962), the analysis of
equilibrium outcomes in two-sided markets has focused on markets with cen-
tralized mechanisms in place. The question whether such outcomes can be
reached in a decentralized manner by successive myopic blockings was first
studied in Knuth (1976) and generally answered into the negative. However,
Roth and Vande Vate (1990) show that a stable matching can be reached
from any unstable outcome if blocking pairs are chosen appropriately. This
result was generalized to the roommate problem (Chung, 2000; Diamantoudi
et al., 2004; Inarra et al., 2008), to matching markets with couples (Klaus and
Klijn, 2007), and to the many-to-many matching problem (Kojima and Un-
ver, 2008). More recently, Klaus et al. (2011) analyses the blocking dynamics
in roommate markets when agents make mistakes in their myopic blocking
decisions, while Chen et al. (2011) provide a convergence to stability result
for job matchings with competitive salaries. In all these works, however, it is
assumed that players have complete information about the type of the other
agents on the market.

In the present paper we re-visit the question whether an equilibrium out-
come in the standard one-to-one, two-sided market can be reached in a de-
centralized manner when, realistically, the assumption of perfect information
is removed. In our setup, market participants have preferences over the types
of agents with whom they can be matched, but not over their identities. We
keep information requirements to the minimum, that is, initially, players only
know their own type, which is allowed to be independent of individual pref-
erences. Thus, two agents of the same type may have different preferences.
Agents gather information about the type of their partners in the process of
matching and thus, each player’s information set expands by matching with
a new partner.

We define an outcome for such a two-sided matching problem under un-
certainty to consist of a matching and a system of beliefs collecting each
agent’s beliefs about the type of the agents from the opposite side of the
market. We focus on outcomes where the system of beliefs is consistent with
the process of learning via matching and where there are no further profitable



deviations for any pair of players. Our definition of a blocking opportunity
in this context requires the existence of types for the pair members charac-
terized by a positive probability that the corresponding type of each agent in
the pair is ranked higher by the other agent relative to the type of his or her
current partner. In the domain of possible blocking notions, the one adopted
here is most permissive.! In this sense, the set of stable outcomes obtained
in our analysis is a subset of the sets of stable outcomes obtained employ-
ing stricter notions of blocking. Moreover, our analysis indicates that this
blocking notion provides a sufficient condition for a matching which is part
of a stable outcome under uncertainty to be also stable in the corresponding
problem under complete information. We present and discuss the stability
notion based on this type of blocking behavior and the consistency of beliefs
in detail in Section 2.

Using these main ingredients of our setup, we address the question whether
it is possible to reach a stable and consistent outcome from any initial self-
consistent outcome (as defined in Section 2), and answer it in the positive
(Theorem 1). The construction of a path in this case is shaped by the in-
teraction between blocking and learning behavior and builds on Roth and
Vande Vate’s (1990) algorithm for reaching a stable matching in environ-
ments with complete information. Since a self-consistent outcome always
exists, the non-emptiness of the set of stable and consistent outcomes for any
two-sided matching problem under uncertainty follows as a side result.

We then turn to the study of the links of a matching problem under un-
certainty and the corresponding problem under complete information, where
agents’ preferences over individuals in the latter follow their preferences over
types in the former. We can readily show that the matching part of any
stable and consistent outcome for the problem under uncertainty is a sta-
ble matching for the problem under complete information (Theorem 2). In
order to connect, however, a stable matching for the latter problem to a
stable and consistent outcome of the former, we need to take into account
the way in which types are attributed to agents. If types are assigned as
random independent draws from the set of types without replacement, then
any stable matching under complete information is part of a stable and con-
sistent outcome of the corresponding matching problem under uncertainty
(Theorem 3). If, on the other hand, types are assigned to agents as ran-

'Our approach is similar in spirit to the maximax criteria discussed in management
theories on decision making under uncertainty.



dom independent draws from the set of types with replacement, then two
important features connecting the problem under uncertainty and its corre-
sponding problem under complete information play a crucial role: (1) strict
preferences over types do not imply strict preferences over potential part-
ners any more, and (2) knowing the type of one partner is not informative
about the probability with which other potential partners are ranked higher
than the current one. We handle these issues by restricting our analysis to
matching problems where agents of the same type have preferences which are
dichotomously aligned, that is, we require for any two agents of the same type
that the sets of their individually rational types as well as their top types
coincide. Then, our final result (Theorem 4) relates any stable matching for
the problem under complete information to a homomorphic matching and a
consistent system of beliefs for the problem under uncertainty, provided that
agents’ preferences over types are dichotomously aligned. Here we define two
matchings to be homomorphic if the number of same-type agents who are
matched to a given type of agents on the other side of the market is equal in
both matchings.

Our work contributes to the study of matching markets under uncertainty
and, to the best of our knowledge, it is the first attempt to analyze paths
to stability in such context. The setup we present differs for instance from
the one in Roth (1989) who considers a non-cooperative model, where agents
know their own preferences for partners but do not know their potential
partners’ preferences. In contrast, the agents in our model are aware of
their own preferences over types, but agents of the same type are allowed
to have different preferences over the types of the agents on the opposite
market side. This distinguishes our work from that of Liu et al. (2013)
who study stable outcomes in many-to-one matching problems with one-
sided asymmetric information. In addition, unlike Liu et al. (2013) and
Chakraborty et al. (2010), we assume in our model that agents do not
observe the entire matching? and thus, they learn and update their beliefs
solely by being matched to different partners along a sequence of matchings.
We believe that such minimal informational background allows us to more
starkly contrast our framework with the complete information world.

The rest of the paper is organized as follows. In Section 2 we introduce

2Tn our analysis, whether or not agents observe the entire matching, is immaterial. This
would only become relevant if we further extended the agents’ information set to include
others’ preferences.



the basic ingredients of our setup. In Section 3 we present two general results
that hold independently of the way in which types are assigned to agents.
The results for which the assignment function is a constraining factor are
discussed in Section 4. We add some thoughts on how our framework can be
used in future research as a concluding remark.

2 Notation and definitions

Our setup consists of the following basic ingredients.
Types and preferences

We consider two finite sets M and W of agents, called “men” and “women”,
respectively. Agents can be of different types. We denote the finite set of all
possible types by ©. The function 6 : M UW — © assigns a type to each
agent such that men and women are of different types®, i.e., O(m) # 6(w)
holds for m € M and w € W. Agents’ strict preferences are defined over
the set of all possible types.* A profile of such preferences is denoted by
== (=4);emuw- When the assignment of types is known, agents can use their
preferences over types to derive preferences over individuals on the other side
of the market. Notice that, in general, strict preferences over types do not
imply strict preferences over agents as some agents of the same sex can be of
the same type.

Initially, individuals know their own type (and thus, the ‘type’ of the
possibility of remaining single) and only the ‘name’ of all individuals from
the opposite market side but not their types. The reader can think of an
analogy with a phone-directory where the listing of registered users provides
an index of names but no description of qualities. We assume, instead, that
each agent has a prior about the types of the players on the other side of the
market. For the purposes of our analysis it is not necessary that agents on
the same market side or those of the same type hold a common prior. Thus,
priors can be individual-specific and they may not reflect the true distribution

3The assumption that types are gender specific allows us to keep the notation less
cumbersome while preserving the generality of our setup. This implies, for instance, that
the generic type “green eyes” is divided into female-green-eyes and male-green-eyes types.

4Strict preferences are a common assumption in the matching literature. Recently,
some authors have departed from this assumption and have studied preference profiles
with indifferences, e.g., Erdil and Haluk (2008) and Abdulkadiroglu et al. (2009).



of types in the population of agents. We denote the prior agent ¢ has about
agent j being of type t € © by m;(j,t). To focus on non-trivial results, we
assume that there are no redundant types in the sense that m;(j,¢) > 0 holds
for all £ € © and all 4,5 € M UW who are from opposite market sides. A
one-to-one matching problem under uncertainty then consists of two finite
sets of agents, a finite set of types, assignment function, individual priors, as
well as a strict preference profile over types.

Outcomes and blockings

An outcome of the matching problem under uncertainty is a pair (p, o)
consisting of a matching function u and a system of beliefs a. The matching
function g : M UW — M UW is such that p(i) € WU {i}, u(y) € MU{j},
and p2(k) =k hold for : € M, j € W, and kK € M UW. The interpretation
of u(k) = k for some k € M UW is that the corresponding agent is single
under . The system of beliefs a contains all agents’ beliefs about the type
of each agent on the opposite side of the market. In particular, we use the
notation «;(j,t) to denote the belief agent i holds about j being of type
t € ©. Clearly, >, o a;(j,t) = 1 and, since agents know their own types,
a;(i,0(i)) = 1 holds for each i € M U W. The only requirement we impose
on the system of beliefs « as part of the outcome (u, «) is that each agent
knows the type of his/her partner under u. Hence, a;(p(7),0(u(i))) = 1 for
eachi1e€ MUW.

Using the latter and the fact that agents’ preferences are defined over
types the definitions of individual rationality and unilateral blocking are then
straightforward. We will say that an outcome (u, &) of matching problem un-
der uncertainty is individually rational if for each i € MUW, 0(u(i)) =, 0(i).
On the other hand, if 0(i) >; 6(u(7)), we say that agent ¢ unilaterally blocks
the outcome (u, ). Notice that, although not explicitly mentioned, the no-
tion of an individually rational outcome (u, ) implicitly makes use of the
system of beliefs « as in the matching ;1 each agents knows his/her own type
and the type of his/her partner. Clearly then, the individual rationality of
an outcome (i, «) implies the individual rationality of any other outcome
(¢, ) with p/ = p. Hence, in what follows, when talking about the individ-
ual rationality of a matching p in a problem under uncertainty we will mean
the individual rationality of the outcome (u, ) for any system of beliefs a.

Finally, a pair of agents (m,w) with m € M and w € W is blocking
the outcome (u, «) if there are types t1,t; € © such that the following two
conditions hold:



(1) t1 =m0 (u(m)) and ta >y 0 (u(w));
(2) am (w,t1) > 0 and ay, (M, ty) > 0.

Our definition of a blocking pair needs further discussion. We require that
each member of a blocking pair assigns some positive probability to the fact
that the other member of the pair is of a type ranked higher than the type of
his or her current match. Certainly, the validity of this blocking rule hinges
upon a behavioral model of extreme optimism and no costs of switching as
even the tiniest perceived positive probability that an agent can be better off
in the new matching is enough to induce blocking. Numerous other behav-
ioral models can be studied including those of the “extreme pessimists” who
would only leave a partner if they know with certainty that their new part-
ner is higher ranked than the current one; or of a more ‘balanced’ approach
where, for instance, agents block a matching if their potential partners are
more likely to be of a type that is higher ranked than the corresponding cur-
rent one, rather than ranked lower. Since under our assumption the blocking
possibilities are the most permissive, however, an outcome which cannot be
blocked in our sense cannot be blocked under any other more demanding
blocking notion.

An outcome (pu, @) where there are no blocking pairs will be called a stable
outcome.

Consistent outcomes

The only requirement we have imposed on the system of beliefs as part of
an outcome was that each agent knows the type of his/her partner under the
corresponding matching. However, each agent may also use this information
in order to learn more about the types of the other agents. In particular,
given an outcome (i, v), we call the system of beliefs « consistent with respect
to the matching p (denoted by «y,) if each agent i € A, A € {M, W},

(1) uses Bayes’ rule to update his/her beliefs about the type of each agent
on the other side of the market with whom he/she is not matched in p (i.e.,
(i) # i implies «;(j,t) = Prob(0(j) = t | 0 (u(3))) for j € (MUW) \
{AUu{p(i)}} and t € ©), and

(2) there is no belief updating if the agent is single under p (i.e., pu(i) = @
implies «;(j,t) = m;(j,t) for j € (MUW)\ {AU{u(i)}} and t € ©).

The outcome (,u, o1 u) is called self-consistent.’

’Notice that for a self-consistent outcome (u,cy,), and m € M and w € W with
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Next, we define the consistency of an outcome with respect to a given se-
quence of matchings in order to incorporate the fact that the beliefs an agent
holds evolve with the search of an optimal partner. For this, let us start with
the meaning of satisfying a blocking pair (cf. Roth and Vande Vate, 1990).
If the pair (m,w) is blocking an outcome with matching function p, we say
that a new matching v is obtained from p by satisfying the blocking pair
if m and w are married under v, their mates at p (if any) are unmatched
at v, and all other agents are matched to the same mates under v as they
were under p. We will consider then an outcome (i, ) to be consistent
with respect to a self-consistent initial outcome (jg, ovy,,) if there is a se-

quence of outcomes (py, &, ) -+ -y (K Qpuyroey ) With (pg, o)) = (g5 )
and (uk, 0‘\#1,-~~7uk) = (4, ) such that for £ =1,... k—1:

(1) there is a blocking pair (my, wy) for (M,aml,m,w) such that g, is ob-
tained from p, by satisfying (myg, wy);

(2) there is a consistent Bayesian updating of beliefs ay,, such that for

(=1,....k—1:

----- Heoya

(2.1) the agents in each blocking pair along the sequence update their be-
liefs about the type of all other agents on the opposite side of the market
(i.e., for w € W\ {wi}, m € M\ {my}, and t € O, a,, (w7t)‘/“17"'://'£+1 =
Prob(0(w) =t | O(wy), o,,....n,) and o, (m,t) = Prob(f(m) =t |
0(me), py....pn,));

(2.2) at each step of the sequence agents who are not part of a blocking pair
do not update their believes (i.e., form € M\ {m,}, w € W\{w,} and t € O,

Oém(w, t)lulv“'vuﬁ-‘—l = Oém(w, t)|ulv“'7/"2 and &w(m7 t)‘ru'lv'"vui+1 = Oéw(m, t)lulv"nu'f)'

Condition (1) above defines a ‘legitimate’ path of search for an optimal
partner. We take an outcome to be consistent with respect to an initial self-
consistent outcome if it can be derived from it by satisfying blocking pairs.
Condition (2), on the other hand, describes a sound ‘learning process’, i.e.,
the updating of beliefs along the path of blocked matchings. We implicitly re-
quire here (via our definition of an outcome) that all agents who are matched
to each other know their true type; these agents use Bayesian updating to
re-calculate the probability with which any other agent on the opposite side

Ilu'lv"'uu’é+1

w(m) # w, we have that a,, (w, (w)) = a,(m,08(m)) =1 (i.e., m and w know each other’s
type) holds only if |M|,|W| < 2, u(i) # i for some i € M UW, and types are assigned to
agents as random independent draws from the set of types without replacement. In what
follows, we exclude this trivial case.



of the market is of any given type; and last, agents who do not participate in
a blocking pair do not update their beliefs as they do not gain any additional
information.

Using the above definitions, we can define an outcome (u, ) to be con-
sistent if there exists an initial self-consistent outcome (1, ovj,,,) with respect
to which it is consistent. In what follows we will focus on outcomes which
are both stable and consistent.

3 Paths to stability

We start by asking the question whether there exists a stable and consistent
outcome with respect to any initial self-consistent outcome and answer it to
the affirmative by means of a constructive proof. The existence of stable and
consistent outcomes in our setting becomes then a direct corollary of our first
result.

The construction of a path in this case is shaped by the interaction be-
tween blocking and learning behavior and uses, in part, Roth and Vande
Vate’s (1990) algorithm for reaching a stable matching in environments with
complete information. More precisely, Roth and Vande Vate’s algorithm is
applied at each step, where there is a blocking pair consisting of agents who
know each other’s type. Correspondingly, if there is a pair whose blocking
behavior is based on the hope, albeit a tiny one, that the other agent is of a
higher ranked type, we let the corresponding pair marry such that the pair
members can convince each other. The interplay between these two types of
blocking can be explained as follows. Suppose that, at a given step along the
path, there are only blocking pairs whose members know each other’s type
and thus, letting one of these pairs marry, does not change agents’ beliefs.
It may still happen that at the next step there are new blocking pairs whose
members do not know each other’s type. The reason for this is that in a
matching where an agent is married to her most preferred partner, she would
not form a blocking pair even though she does not know the type of all men;
but if her partner divorces her, she may engage in a learning experiment if
she hopes that a marriage with an unknown man would make her better-off
compared to being alone or marrying a man whose type she knows.

Theorem 1 Let (1, ov,,) be a self-consistent outcome of a given matching
problem under uncertainty. Then the matching problem has a stable outcome
which is consistent with respect to (fig, )y, )-
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Proof: Take (1, a,,) as above. If there is an agent ¢ € M U W for whom
this outcome is not individually rational, consider the outcome (1, «vj,,,) that
differs from (4, «v),,,) only by the fact that i and p(i) are now ‘divorced’; no-
tice that in such a case no agent learns the type of any other agent on the
opposite side of the market and thus, there is no update of agents’ beliefs.
Continuing in this way, and as agent sets are finite, we can finally reach an
individually rational outcome (f, cy,,) which is consistent with the initial
self-consistent outcome (g, v, )-

Thus, without loss of generality, we proceed by assuming that (g, o), ) is
an individually rational self-consistent outcome. Let us collect in the set B(0)
all agents who form blocking pairs for (1, o,,,) such that the corresponding
pair members know each other’s type, and let L(0) be the analogous set
in which the members of a blocking pair do not know each other’s type,
i.e., there is a possibility of learning. If there is no blocking pair at all for
(to> |y, ), We are done. Given the individual rationality and self-consistency
of (f19, @, ), we have B(0) = 0.5 So, if there is a blocking pair for (1, v, ),
then it must contain agents only from L(0).

In this case we can construct a sequence of consistent outcomes (114, o uo)>
(15 Qg g )5 -+ 5 (s Qg oy sy, ) along which individuals can learn the type
of the agents on the opposite side of the market by forming blocking pairs
only with such agents with whom they have not been matched before. Here
k is the smallest integer for which L(k) = (), i.e., there is no possibility for
learning. Consider the consistent outcome (jt, @y, ..., ) a0d note that if
B(k) = 0, then we are done.

If B(k) # 0, then pick up at random a woman wy € B(k) and one of
wy’s most preferred partners in B(k), say my, and construct the consistent
outcome (g 15 Vg puy,puey,) DY satisfying the blocking pair (myg,wy) and
Setting )y iy iy = Yoy s S€E A(k + 1) = {my,w} to be the set
of satisfied blocking pairs where agents knew each other’s type prior to this
matching.

If L(k+1) =0 and B(k + 1) = 0, then we are done. If L(k + 1) # 0,
however, then construct i, , by satisfying a blocking pair in L(k + 1) and
update the beliefs in a consistent manner. Set A(k + 2) = ). Notice that
L(q) = 0 in some finite steps ¢ due to the finiteness of the sets M and
W, i.e., men and women will eventually learn the types of all agents on
the opposite side of the market. And if L(k + 1) = (), but B(k + 1) # 0,

sl

6See footnote 5.
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then notice that wy ¢ B(k + 1) because my, is one of wy’s most preferred
partners in B(k) and she cannot form any new blocking pairs in y;, ., that
she could not form in ;. Then pick a blocking pair at random from the set
B(k + 1), say (wgs1, mp41) and form the matching sy, by satisfying this
blocking pair. Let o pu,..pis = Upginrpinss = Upgugsopsy- St Ak +2) =
A(k + 1) U{my1, w1} and note that A(k+ 1) C A(k + 2).

Thus, if there is no subsequent step r with L(r) # 0 (i.e., there are no
possibilities for learning any more), we can adopt Roth and Vande Vate’s
(1990) algorithm to construct an increasing sequence of sets that contain no
blocking pairs until a stable matching is found. This is possible because, the
lack of possibility for learning implies that all agents involved in blocking
have complete information about their potential blocking partners, i.e., they
either know all agents whose type is higher ranked than the type of their
current partner or if there is such agent in the set ¢ € B(r) whose type
they do not know but with whom they cannot form a blocking pair, then ¢
must know all agents whose type is higher ranked than the type of i’s current
partner and therefore i cannot be their potential blocking partner. Since only
blocking pairs with no learning are satisfied along the path following 1, and
reaching a stable matching, we construct a stable and consistent outcome
that consists of the stable matching just obtained and the system of beliefs

a|N07ﬂ17-~-7ﬂk' u

Given that a self-consistent outcome of any two-sided matching problem
under uncertainty always exists, the following corollary to Theorem 1 imme-
diately follows.

Corollary 1 The set of stable and consistent outcomes for any matching
problem under uncertainty is non-empty.

4 Links with the complete information world

In this section we discuss the relation between the set of stable and consistent
outcomes for a two-sided matching problem under uncertainty and the set
of stable matchings for its corresponding two-sided matching problem under
complete information. Recall that a one-to-one matching problem under
complete information is a tuple (M, W, ='), where M and W are the sets of
men and women as defined above and >’ denotes a preference profile that
collects the preferences men and women hold over their potential partners in

11



a matching. Given a matching problem under uncertainty as defined above,
we say that the matching problem under complete information (M, W, >")
corresponds to it if the sets of agents coincide and the preference profile is
such that for each agent it induces the same ranking of potential partners.
That is, for m € M and w;, w; € W, w; = w; if and only if (w;) =, 0 (w;);
w; = m if and only if O(w;) >=,, 6(m), and similarly, for w € W and
mi,m; € M, m; = m; if and only if (m;) =, 0(m;) and m; >/, w if and
only if 0(m;) =, 6(w).

We also recall two commonly used notions with regards to matching under
complete information. A matching p is individually rational if p(i) »' i for
each i € M UW. An individually rational matching u is stable if there does
not exist a pair (m,w) of agents such that w >/ pu(m) and m >, p(w).

Remark 1 It is easy to see that p is individually rational for a matching
problem under complete information if and only if, for any system of beliefs
a with a;(u(i),0(u(i))) = 1 for i € MUW, the outcome (u, @) is individually
rational for the corresponding matching problem under uncertainty.

Theorem 2 If (i, @) is a stable and consistent outcome for a given matching
problem under uncertainty, then u is a stable matching for the corresponding
problem under complete information.

Proof. Let (u,a) be as above and suppose that p is not stable for the
corresponding matching problem under complete information. By Remark
1, p is individually rational. Hence, there should exist a pair (m, w) of agents
who are not matched to each other under ;1 and prefer to be matched to each
other than to their current partners: w > p(m) and m >/ p(w). This
implies that 6(w) >, 0(u(m)) and 8(m) >, 6(p(w)). Given the consistency
of agents’ beliefs and 7;(j, ) > 0 foreach t € © and i,j € MUW who are from
opposite market sides, it must be that both m and w hold strictly positive
beliefs that the other agent is of the higher ranked type, i.e., v, (m, 8(m)) > 0
and a,,(w,0(w)) > 0. Therefore, by setting t; = 6(w) and t, = 0(m),
we establish that (m,w) is a blocking pair for the outcome (u, @) under
uncertainty, too. Thus, we have a contradiction. m

Notice that the above result may not hold in a behavioral model that
implies the existence of less blocking possibilities as those discussed in Section
2. In such models, the set of stable outcomes would be larger than the one
studied here, thus, there may be an outcome which is stable and consistent
under uncertainty but is not stable under complete information. In this sense,

12



Theorem 2 provides a sufficient condition for stability and consistency under
uncertainty to imply stability under complete information.

Let us now ask the reverse question to the one studied in Theorem 2.
That is, we would like to know whether any stable matching for a problem
under complete information is part of a stable and consistent outcome for the
corresponding problem under uncertainty. In order to answer this question
we need a closer look at how types are assigned to agents.

In what follows we will distinguish between problems where types are as-
signed to agents as random independent draws from the set of types without
replacement and with replacement. As to see the first crucial difference, let us
consider for instance a self-consistent outcome (;z, ol u) and take m € M and
w € W with pu(m) ¢ {m,w}. For t € O, we have a,,(w,t) = Prob(f(w) =
t|60(u(m))) # mm(w,t) when types are assigned without replacement, and
am(w,t) = Prob(0(w) =t | 0 (u(m))) = mn(w,t) when types are assigned
with replacement. In other words, in the former case learning occurs via
matching (partners know each other’s type) and belief updating, while in the
latter case agents gain on information about the type of someone from the
opposite market side only if they have been matched to each other. The sec-
ond important difference between the two modalities of uncertainty concerns
the fact of how preferences over types (in the problem under uncertainty) are
transferred into preferences over individuals (in the corresponding problem
under complete information): when types are assigned without replacement,
strict preferences over types imply strict preferences over individuals; how-
ever, when types are assigned with replacement, agents’ preferences over
potential partners can contain indifferences even though their preferences
over types are strict the reason being that many agents can be assigned the
same type.

4.1 Types are assigned without replacement

Without further ado we can describe the process of belief updating that
transforms a stable matching for the problem under complete information
into a stable and consistent outcome for the corresponding problem under
uncertainty when types are assigned as random independent draws without
replacement.

Theorem 3 If i is a stable matching for a given problem under complete
information, then there exists a stable and consistent outcome (p, ) for the

13



corresponding matching problem under uncertainty with types assigned with-
out replacement.

Proof. Let i be as above. We will show the existence of a system of be-
liefs o such that the outcome (1, «) is stable and consistent for the problem
under uncertainty with types assigned without replacement. Consider the
self-consistent outcome (u, avj,). If there are no blocking pairs for it, then we
have shown what we need. Notice further that, in view of Remark 1, it is
impossible for an agent to unilaterally block (1, c),).

Suppose now that there is a pair (m,w) that blocks (u,aj,). Then, by
satisfying this pair, we can construct the consistent outcome (yi, v, ,,, ). This
cannot be a stable outcome. In order to see that, notice first that, since p is
a stable matching for the problem under complete information, either m or
w weakly prefers his or her partner under y over w and m, respectively. Let,
w.lo.g., u(m) =/ w = p;(m) hold. Moreover, p(m) ~! w is ruled out since
it would imply that 6(u(m)) ~,, 0(w) and given the antisymmetry of agents’
preferences over types and that types are assigned without replacement,
O(pu(m)) = 6(w) would contradict u(m) # w. Hence, pu(m) > w = uy(m)
holds and thus, 8(u(m)) =, 0(p;(m)). Notice that m and p(m) know each
other’s type as they were partners in g, thus (ay.,, ), (u(m),0(u(m))) = 1.
It follows, therefore, that m wants to form a blocking pair with pu(m) in p,.

It is straightforward to show that p(m) also wants to form a blocking
pair with m in 4. Given the individual rationality of p, m =, u(m) =
iy (pe(m)), thus, in view of Remark 1, 6(m) =, 0(1(m)). Firstly, notice
that 6(m) ~umm) 0(u(m) is only possible if y(m) = m due to the antisym-
metry of agents’ preferences over types and the fact that types are assigned
without replacement. In this case, m is single under p and the analysis in
the paragraph above implies that p; is blocked unilaterally by m as it it is
not individually rational. If, on the other hand, 6(m) # 6(u(m)), then we
have 0(m) >,mm) 0(p(m)) = 0(py(pw(m))). Re-calling that m and w know
each other’s type, we have shown that the pair (m, p(m)) blocks (g, @, p,)-
Thus, we can construct the consistent outcome (pty, v, 4,) by satisfying
either m or (m, u(m)).

If w is also single in p, (i.e., py(w) = w = p(w)) then we have p, = p.
Alternatively, if u(w) # w, then we can show that (u(w),w) blocks u., using
the same logical steps with which we showed that (m, u(m)) blocked pu, as
w’s partner in u, p(w), is also single in matching p,. We can then construct
the consistent outcome (fi3, 0y, puyuy) With pis = pand oy s = X,
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by satisfying the blocking pair (u(w),w).

Notice that the pair (m,w) cannot block the consistent outcome (i, cv|,, ., )
because in the process of beliefs’” updating m has learned the type of w and
knows that he prefers to be with his partner in matching p than with w. If
there is no blocking pair for (j, ., ), then this is a stable outcome and we
have shown what we need. If there is a blocking pair for (u, |, ,,, ), then this
was also blocking the self-consistent outcome (1, a,) as only the beliefs of m
and w have changed. Then, following the same procedure as above, we can
construct a path by satisfying the blocking pairs that will lead to a consistent
outcome that comprises of y and a system of beliefs in which at most two
agents use Bayes’ rule to update their beliefs in a consistent manner. This
process will continue along the path until all agents who form blocking pairs
for (1, y),) have learned the type of their partners in the blocking pair. Due
to the finiteness of the sets M and W, this path will terminate in a finite
number of steps with a stable and consistent outcome that contains . m

4.2 Types are assigned with replacement

As already mentioned, the assignment of types with replacements may induce
indifferences in agents’ preferences over individuals although their preferences
over types are strict. The presence of indifferences makes two distinct match-
ings qualitatively indistinguishable in terms of the blocking opportunities of
same-type agents. To make this point clear, let’s take a simple matching
problem in which there is one woman of an ‘orange’ type and two men who
are of the same ‘green’ type. Then, it is clear that the two distinct match-
ings in which the woman is married to either man are equivalent in terms
of the type of the matched pairs (i.e., in both matchings, the orange woman
is married to a green man and a green man is single), though they are not
equivalent in terms of the identity of the matched individuals.

In what follows we will show that, starting from a stable matching for
the problem under complete information, we can construct a path to a stable
and consistent outcome for the corresponding problem under uncertainty
such that the matching part of this outcome shares the same qualitative
characteristics as the one under complete information but is not necessarily
equivalent to it in terms of the identity of the matched individuals. Formally,
we summarize this equivalence in the notion of homomorphic matchings. We
call two matchings p and p/ homomorphic if the number of agents of a given
type t € © who are matched under y to an agent from type t € © is equal
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in p and p/. Clearly, ‘being homomorphic’ is a transitive binary relation on
the set of all possible matching functions defined over M U V.

In addition, for our final result we need to assume a certain degree of cor-
relation between the preferences of agents of the same type. For i € M UW,
let IR(i) ={t € © :t>;0(i)} be the set of individually rational types for i,
and t*(i) € I R(i) be the (unique) top type for agent i (that is, t*(i) =; t for
eacht € IR(i)). Then, we say that agents’ preferences in a matching problem
under uncertainty are dichotomously aligned if for i,j € A, A € {M,W}, we
have that 6 (i) = 6 (j) implies I R(i) = IR(j) and t*(i) = t*(j). Notice that
the condition of dichotomously aligned preferences imposes no restriction on
how two agents of the same type rank their individually rational types below
their top type.” This condition turns out to be necessary and sufficient for
an individually rational matching to generate the individual rationality of all
matchings that are homomorphic to it (Lemma 1). Moreover, it provides a
useful connection between a blocking pair for an outcome which is consistent
with respect to an individually rational and self-consistent outcome and a
blocking pair containing agents of the same type for the latter outcome, pro-
vided that the matching parts of these outcomes are homomorphic (Lemma
2). As indicated at the end of the proof of our final result (Theorem 4),
this connection guarantees that no ‘completely new’ blocking pairs emerge
when constructing a sequence of homomorphic matchings and thus, due to
the finiteness of the set of blocking pairs for the initial self-consistent and in-
dividually rational outcome, the set of blocking pairs for these homomorphic
matchings can be exhausted.

Lemma 1 Let a matching problem under uncertainty with types assigned
with replacement be given and p be individually rational for it. Then agents’
preferences are dichotomously aligned if and only if all matchings homomor-
phic to p are individually rational.

Proof. Suppose first that agents’ preferences are dichotomously aligned and
that, on the contrary, there are a matching p/ which is homomorphic to p and
i€ M UW such that 6(:) >=; 0(p/(i)). If 0(x/ (7)) = 6(u(7)), we have a direct
contradiction to the individual rationality of p. If 0(p/ (7)) # 0(u(i)), then, by
p' and p being homomorphic, there is an agent k£ with 6(k) = (i) such that

"In that sense, preference dichotomous alignment is a much weaker condition than
pairwise preference alignment applied to our context. The latter condition was introduced
in Pycia (2012) and shown to be necessary and sufficient for core stability in general
coalition formation games.
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O(u(k)) = 6(/'(i)). By the individual rationality of u, 8(u(k)) = 0(k). How-
ever, by agents’ preferences being dichotomously aligned, 6(u/(i)) =; (7).
Thus, we have again a contradiction.

To show the reverse direction, let us assume that agents’ preferences are
not dichotomously aligned and consider the following example of a matching
problem under uncertainty with types assigned with replacement. The sets
of men and women are M = {my, mg, m3} and W = {wy, wy, w3}, and types
have been assigned according to the following rule: each man has a distinct
type 0(m;) = t; for i € {1,2,3}, while there are only two types of women
O(wy) = s1 and O(wy) = O(w3) = so. Agents’ preferences over types are as

follows:
82 = my S1 7 my b1

81 ™ my S2 ™ my ty
82 ™ ms3 S1 ™ mga t3
11 ~w; (2 ~wy t3 ~w; S1
to > wo 121 ~wy S2 7wy t3
t3 > ws (2 >~ ws 1 ws S3

Consider then the matching p such that u(m;) = w; for i = {1,2,3}, and
notice that p is individually rational. Take now the matching y’ defined by
w(my) = wy, p'(me) = ws, p'(ms) = wy. Clearly, 1/ is homomorphic to p
as my is matched to the same woman under both matchings and my and
mg are matched to the same type of women under both matchings. The
matching 1/, however, is not individually rational as 0(wy) = sy >y, 3 =
0(ms) = 0(1'(wsy)). Thus, we have shown that when agents’ preferences are
not dichotomously aligned there is a preference profile for which the individ-
ual rationality of one matching does not imply the individual rationality of
all homomorphic to it matchings. m

Lemma 2 Let a matching problem under uncertainty with types assigned with
replacement and dichotomously aligned preferences be given. Moreover, let
(1, o) be a self-consistent and individually rational outcome for this prob-
lem, (1',a') consistent with respect to (i, ), and p' homomorphic to .
If (m/,w') blocks (1, '), then there exists a pair (m,w) with 0(m) = 0(m')
and 9(w) = 0(w') that blocks (p, ).

Remark 2 In view of Lemma 1, the outcome (1, @') is individually rational
as well and thus, there are no unilateral blockings for it.

Proof. Let (m/,w") block (4, a’). Since p’ is homomorphic to p, there exist
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a man m* € M such that (m*) = 0(m’) and u(m*) = p/(m’) and a woman
w* € W such that f(w*) = 0(w') and p(w*) = p/(w’). Let us consider the
following two cases:

Case 1 (u(m*) # w*). We show that the pair (m*,w*) blocks (y, ). Due
to the self-consistency of (u, ), the fact that types are assigned with re-
placement, and p(m*) # w*, m* and w* hold strictly positive beliefs about
each other being of any possible type. In addition, from (m/,w’) blocking
(i, ') follows the existence of types t],t, € © such that | >, 6(x'(m’))
and ty >, 0(u/(w')). Hence, neither 6(y'(m’)) is the top type for m’ nor
O(1/(w'")) is the top type for w’. It follows then from p(m*) = p'(m’),
O(m*) = O(m’), and the fact that agents’ preferences are dichotomously
aligned, that (u(m*)) is not the top type for m* and thus, there is a fe-
male type t; such that ¢; >« 6(u(m*)). By a similar reasoning, there is
a male type ty such that ty >, 0(u(w*)). We conclude then that the pair
(m*,w*) blocks the self-consistent outcome (1, cv),,).

Case 2 (u(m*) = w*). We show that the pair (m’,w’) blocks (y, ay,). No-
tice first that p(m*) = w* implies p/(m') = w* and p/(w') = m*. As in
Case 1, from (m’,w’") blocking (1/, ) follows the existence of types t1,ts €
© such that t; >, O(w*), to =u O(m*), and auy(ti,w’),,..,» > 0 and
 (t2,m )|,y > 0. The latter fact, together with 6(w*) = 6(w’) and
O(m*) = 6(m'), leads to u(m’) # w'; otherwise, pu(m’) = w' would imply
that for instance m’ (who knows under p' the same true type of w’ and w*)
holds a positive belief about w’ being of a higher ranked type that w*. Then,
due to the self-consistency of (u, «,), the fact that types are assigned with
replacement, and pu(m’) # w’, m’ and w’ hold strictly positive beliefs about
each other being of type t; and t5, respectively. Hence, the pair (m/, w’)
blocks (y, ). m

Theorem 4 Let a matching problem under uncertainty with types assigned
with replacement and dichotomously aligned preferences be given and p be
stable for the corresponding matching problem under complete information.
Then there exist a matching p* which is homomorphic to p, and a system
of beliefs a* such that (u*,a*) is a stable and consistent outcome for the
matching problem under uncertainty.

Proof. Let ;1 be as above and consider the self-consistent outcome (y, o).
If there are no blocking pairs for (y, ay,), then we have shown what we need.
Notice further that, in view of Remark 1, it is impossible for an agent to uni-
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laterally block (u, «vj,). Suppose now that there is a pair (m,w) that blocks
(p, a). We show first that it is possible to construct a path leading from
(u, aj,,) to a consistent outcome containing a matching which is homomorphic
to p.

Consider the consistent outcome (pi, v, ), where i is obtained from y by
satisfying the pair (m,w). Since p is stable for the problem under complete
information, we have either u(m) =/ w = py(m) or pu(w) =/, m = p,(w).
Suppose, w.l.o.g., that pu(m) =/ w = p;(m) holds. The following four cases
are possible.

Case 1 (u(m) =m and p(w) = w). Notice that pu(m) =m =/ w = p, (m)
implies that #(m) >, O(w) . Moreover, since agents’ preferences over types
are antisymmetric and men and women are of different types, we know that
6(m) >, O(w) holds and, by assumption, agent m knows his own type,
(s, ), (m,0(m)) = 1. Hence, m unilaterally blocks (1, ., ) which we
have shown not to be individually rational. Thus, we can construct the con-
sistent outcome (fty, |y, p,) from (pi1, vy, ) by satisfying m. Notice that
5 and p are homomorphic as they coincide. As m has learned w’s type the
pair (m,w) does not block (1, |y, p,)-

Case 2 (u(m) = m and p(w) # w). We can proceed as in Case 1 and
construct the consistent outcome (fiy, )y, pu,) from (pey, vy, ) by satisfy-
ing m. Further, O(u(w)) »=, O(w) follows from the individual rationality
of 1 and Remark 1. As agents’ preferences over types are antisymmetric
and men and women are of different types, we have 6(u(w)) =, 6(w). By
the same reasoning, 0(w) >,w) 0(u(w)). Since w and p(w) know each
other’s type as they were matched under s, (o), (u(w),0(u(w))) =
(am,ul)u(w) (w,0(w)) = 1 and w and p(w) are single under p,, the pair
(w(w), w) blocks (py, |y, u,).- We can then construct the consistent out-
come (L3, iy yuguuy) frOM (fly, @)y, 0,) by satisfying (u(w),w). Clearly, g
and p are homomorphic as they coincide. In addition as m has learned w’s
type, the pair (m,w) does not block (1t3, |y, ys)-

Case 3 (pu(m) # m and pu(w) = w). Given that u(m) =/ w = p(m), it
must be that p(m) >, w or u(m) ~ w.

m

Case 3.1 Suppose that u(m) >/ w and notice that this implies that 0(u(m)) =,
O(w). In addition, re-call that m knows the type of his partner in u (i.e.,
(alum)m ((m),0(u(m))) = 1). Therefore, in matching p,, agent m wants
to form a blocking pair with his partner under matching p. It is easy to

19



see that p(m) also wants to form a blocking pair with m under matching
py: 0(m) =,y O(p(m)) = 0(py(pu(m))) follows from the individual ratio-
nality of u, Remark 1, and again by the fact that agents’ preferences over
types are antisymmetric and men and women are of different types. Since
p(m) also knows with certainty m’s type, we have established that the pair
(m, pu(m)) blocks (g, @, ). We can then construct the consistent outcome
(Mhos Oty ) DY satisfying (m, pu(m)). Note that juy = p, thus, the two match-
ings are homomorphic. Since m has learned w’s type, the pair (m,w) does
not block (fty, @)y, )

Case 3.2 If p(m) ~! w, then O(u(m)) ~,, 0(w) holds. Together with agents’
preferences over types being antisymmetric, and p (w) = w, this establishes
that 0(u(m)) = 6(w). Therefore, p; is homomorphic to p. Moreover, since
agents’ preferences are dichotomously aligned, the fact that yp; is homomor-
phic to 1 implies by Lemma 1 that it is also individually rational. Notice
also that since w and p(m) are of the same type, the pair (m, u(m)) does
not block (f11, ajp, )-

Case 4 (1 (m) # m and p (w) # w). Asin Case 3, we have either u(m) >/ w

m
or p(m) ~! w.
Case 4.1 If u(m) =' w = p,;(m), then we can proceed along the line of
the discussion of Case 3.1 and construct the consistent outcome (fty, |y, 11, )
from (ju1, @)y, p, ) by satisfying (m, pu(m)). We can establish that w, too, wants
to return to her partner under p, p(w). Notice that w and p(w) are single
under p, and, moreover, that 6(u(w)) =, 0(w) follows from the individual
rationality of 1 and Remark 1. As agents’ preferences over types are antisym-
metric and men and women are of different types, we have 0(u(w)) =, 6(w).
By the same reasoning, §(w) > ) 0(p(w)). Since w and p(w) are married
under p, they know each other’s type, hence, (aluvulvllﬂ)w (u(w), 0(p(w))) =
(a|u7u17uz)u(w) (w,f(w)) = 1. Thus the pair (u(w), w) is blocking (fig, |, u,)-
We can then construct the consistent outcome (i3, )y iy ) from (fa, 0, i, )
by satisfying this pair. Again, ;15 and p are homomorphic as they coincide.
Notice that since m and w know have learnt their types, they do not form a
blocking pair under (fi5, &1, 1y 5 )-

Case 4.2 On the other hand, if p(m) ~/, w, then from 6(u(m)) ~,, 0(w) and
the antisymmetry of agents’ preferences over types, it follows that 6(u(m)) =
f(w). Let us consider the pair (u(w), u(m)) and show that it blocks the out-
come (fiy, @y, ). By the individual rationality of p, w =,y p(w), hence,
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O(w) =) 0 (pu(w)). Since agents’ preferences over types are antisymmet-
ric, and men and women are of different types, 0(w) >, 0 (u(w)) follows.
This implies that 0(u(m)) >uw) 0 (u(w)) as we already established that
6(1(m)) = O(w). Moreover, (alu,ul)#(w) (u(m),0(pu(m))) > 0 holds since
types are assigned with replacement. Therefore, y(w) wants to form a block-
ing pair with p(m). In order to show that pu(m) wants to form a blocking
pair with p(w), notice that by the individual rationality of p, pu(w) =/ w
and thus, 0(u(w)) =, 0 (w). Since O(u(m)) = O(w) and agents’ preferences
are dichotomously aligned, 6(u(w)) =,m) @ (1#(m)) and as men and women
are of different types, 0(u(w)) >,m) 0 (1(m))) follows. We have finally
(alum)M(w) (1(m),0(pu(m))) > 0 since types are assigned with replacement.

Recalling the fact that both p(w) and p(m) are single under p,, we have
shown that the pair (u(w), u(m)) blocks (jiy, @y, ) indeed. We can then
construct the consistent outcome (jiy, |, 0,) by satisfying (p(w), u(m)).
Notice that, in the matchings 1 and p,, m and p(w) are married to a woman
of the same type as 0 (u(m)) = 6(w). Thus p, is homomorphic to p. In
addition, as p is individually rational and agents’ preferences are dichoto-
mously aligned, the fact that u, is homomorphic to p implies by Lemma 1
that ., is individually rational, too. Moreover, given that w and u(m) are
of the same type, (m, u(m)) and (u(w),w) do not form blocking pairs under
(N’27 a|#v#17#2)'

Thus, in all possible cases we have reached an individually rational out-
come containing a matching homomorphic to p. If there is no blocking pair
for the correspondingly constructed outcome, then this outcome is stable and
we have shown what we need. Further, if a pair blocks the corresponding out-
come, then it follows by Lemma 2 that a pair of the same types of agents was
also blocking the self-consistent and individually rational outcome (i, av,).
Then, using the same case separation and logical steps as above, we can con-
struct a path by satisfying the blocking pairs that will lead to a consistent
outcome that comprises of a matching homomorphic to ;1 and a system of
beliefs in which at most four agents (two men and two women) update their
beliefs in a consistent manner. The process will continue along the path until
all types of agents who form blocking pairs in (u, a),) have learned the type
of their partners in the blocking pair. Due to the finiteness of the sets M
and W, this path will terminate in a finite number of steps with a stable and
consistent outcome that contains a homomorphic matching to y. m
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5 Conclusion

In this paper, we embed the standard one-to-one matching problem in an
environment of uncertainty. We show that it is possible to reach stabil-
ity from any self-consistent outcome with only minimal information require-
ments. The study of the links between stability under uncertainty and sta-
bility under complete information, however, requires a special attention on
how types are assigned to agents. For all but one of our results agents’ types
and preference are allowed to be completely independent.®

Thus, one can view agents’ types as that part of their identity that is
relevant to the way they are seen and classified by everyone else. Agents’
preferences, on the other hand, are the part of their identity that dictates how
they judge everyone else. We suggest that our approach to de-couple these
two sides of an agent’s identity, besides being more realistic, is well suited to
inform further investigation into the sources of instability in other hedonic
coalition formation problems such as the roommate problem, assignment
problem, and in general hedonic games.

The focus of our analysis has been on the existence and construction
of paths to a stable outcome under uncertainty. For the purposes of this
work we adopted a specific assumption on the decision criteria agents use
when deciding how to move along the path. This assumption allowed us to
establish strong links between the set of stable matchings under uncertainty
and the benchmark set of stable matchings of the corresponding problem
under complete information. There are, of course, other possible decision
rules, and, more realistically, different agents could adopt different decision
rules. We claim, however, that our results on the links between the worlds
of uncertainty and certainty would no longer hold in general, should some
of the agents adopt different decision criteria. The use and analysis of other
behavioral models within our framework, nevertheless, could provide valuable
insights, particularly, when investigating the role of memory, the speed of
learning, and the appropriate institutions that could facilitate the search
along a path to stability in a decentralized manner.

8Even in Theorem 4, when we need a formal interdependence between the sets of types
and preferences, this relation is as weak as possible. Indeed, this form of interdependence
is all that is required to guarantee that the individual rationality of a matching implies that
all other indistinguishable matchings, i.e., matchings in which the same types of agents
are matched, are also individually rational.
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